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Abstract
We consider global behaviour of viscous compressible flows with spherical symmetry driven by gravitation
and an outer pressure, outside a hard core. For a general state function p = p(ρ), we present global-in-time
bounds for solutions with arbitrarily large data. For non-decreasing p, the ω-limit set for the density ρ is studied.
For increasing p, uniqueness and static stability of the stationary solutions (including variational aspects) are
investigated. Moreover, stabilization rate bounds toward the statically stable solutions are given and their nonlinear
dynamical stability is shown.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
We consider the following reduced compressible Navier–Stokes–Poisson system:
Dtη = D(r2v), η = 1/ρ,
Dtv = r2 D[µ(ρ)ρD(r2v) − p(ρ)] + f [r ],
Dtr = v,
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in the domain Q := J × R+ = (0, M) × (0,∞), where the unknown density ρ, velocity v and radius r
depend on the Lagrangian mass coordinates (χ, t) as well as Dt := ∂∂ t and D := ∂∂χ .
We supplement the system with boundary and initial conditions:
v|χ=0 = 0,
[
µ(ρ)ρD(r2v) − 4µ1(ρ)v
r
− p(ρ)
]∣∣∣
χ=M
= −pΓ (t) for t > 0,
ρ|t=0 = ρ0(χ), v|t=0 = v0(χ), r |t=0 = r0(χ), on J,
where 13 (r
0)3 = V0 +
∫ χ
0
dξ
ρ0(ξ )
, V0 = 13r30 and r0 > 0.
The mass force f has the form f (r, χ, t) = fS(r, χ)+ f (r, χ, t) where fS(r, χ) = −G M0+ j0χr2 with
G > 0, M0 ≥ 0, and j0 = 0 or 1. The case j0 = 1 corresponds to a self-gravitating fluid; the simpler
case j0 = 0 supposes that self-gravitation is neglected and only the Newtonian attraction by an effective
central mass M0 is taken into account. The external pressure pΓ has the form pΓ (t) = pΓ ,S + pΓ (t),
where pΓ ,S > 0. Clearly  f and pΓ are some perturbations of fS and pΓ which we find important to
take into account. Finally, we use the notation f [r ](χ, t) := f (r(χ, t), χ, t).
This problem can be considered as a fluid model of stellar structure (in the absence of radiation and
electromagnetic field) [1–3]. In this model, the flow is supposed to be spherically symmetric and the
fluid is viscous. Moreover the motion takes place in a domain Ω surrounding a hard core (supposed to
be inert) with radius r0, and the external surface of Ω is a free boundary.
Some related mathematical results on close problems may be found in [4–9].
2. Global-in-time bounds and stabilization
We first consider a general state function p continuous on R+, satisfying only p(0) = 0,
lims→∞ p(s) = +∞, and p′ ∈ L∞loc(R+). Let us emphasize that the case of such general ρ → p(ρ)
raises increasing interest in astrophysics [12]. The viscosity coefficients µ and µ1, supposed to be
continuous on R+, are such that µ′, µ′1 ∈ L∞loc(R+) and satisfy 0 < µ ≤ µ(s), −µ1 ≤ µ1(s) ≤
µ1 <
4
3µ for s > 0.
We also suppose that  f (r, χ, t) is measurable on (r0,∞) × Q, continuous with respect to (r, χ) ∈
[r0,∞) × J for almost all t ≥ 0, and that | f (r, χ, t)| ≤ f 1(t) + f 2(t) with f 1 ≥ 0 and f 2 ≥ 0.
Throughout the work we also suppose that ‖ f 1‖L1(R+) + ‖ f 2‖L2(R+) + ‖pΓ‖L2(R+) ≤ N , for a given
parameter N > 1. Hereafter we exploit standard Lebesgue and Sobolev function spaces.
We study strong solutions for the above problem with properties ρ ∈ C(QT ), Dρ, Dtρ ∈
C([0, T ]; L2(J )), minQT ρ > 0, v ∈ H 1(QT ) and D2v ∈ L2(QT ), for any T > 0, where
QT := J × (0, T ). They exist under the necessary conditions: ρ0, v0 ∈ H 1(J ), minJ ρ0 > 0 and
v0(0) = 0, together with f 1 ∈ L2(0, T ), p′Γ ∈ L1(0, T ), for any T > 0.
Let us introduce the primitive functions
P0(s) :=
∫ s
1
p(ζ )
ζ 2
dζ, F(r, χ) := −G
(
1
r0
− 1
r
)
(M0 + j0χ),
and recall the energy conservation law
d
dt
(E + F[ρ]) +
∫
J
µ(ρ)ρ[D(r2v)]2 dχ − 4Rµ1(ρM)v2M =
∫
J
 f [r ]v dχ − pΓ R2vM , (1)
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where E := 12
∫
J v
2 dχ is the kinetic energy, and F[ρ] := ∫J (P0(ρ) + pΓ ,Sρ−1 − F [r ]) dχ is the
potential energy and the notation F [r ](χ, t) = F(r(χ, t), χ) and ΨM := Ψ |χ=M is used. Accordingly,
R = rM is the radius of the free boundary.
Let K = K (N ), Ki = Ki(N ), i = 0, 1, . . ., be positive non-decreasing functions of N which may
possibly depend on p, µ,µ1, G, M0, M etc.
We first state uniform-in-time bounds for the solutions.
Theorem 1. 1. Under the following condition on the data:
‖v0‖L2(J ) + ‖P0(ρ0)‖L1(J ) ≤ N , (2)
the uniform-in-time energy bound holds:
sup
t≥0
(E(t) + ‖P0(ρ)(·, t))‖L1(J ) + VM(t)) + ‖
√
µ(ρ)ρD(r2v)‖L2(Q) ≤ K , (3)
where V (t) := 13r3 = V0 + Iη with (Iφ)(χ) :=
∫ χ
0 φ(ξ) dξ .
2. Under the conditions (2) and ρ0 ≤ N, the uniform upper bound supQ ρ ≤ K holds. Moreover the
energies stabilize:
E(t) → 0 and F[ρ](t) → F (S) as t → ∞. (4)
3. Under the conditions (2) and N−1 ≤ ρ0, the uniform lower bound K −1 ≤ infQ ρ holds.
4. Under the conditions p ∈ C1(R+), p′ > 0, N−1 ≤ ρ0 and ‖v0‖L2(J ) + ‖ρ0‖H 1(J ) ≤ N, the
uniform H 1-bound supt≥0 ‖ρ(·, t)‖H 1(J ) ≤ K holds.
5. Under the conditions of Claim 4 together with
‖Dv0‖L2(J ) ≤ N , f 1 = 0, ‖p′Γ‖L2(R+) ≤ N , (5)
the uniform H 1-bound supt≥0 ‖v(·, t)‖H 1(J ) ≤ K holds as well, which implies that ‖v(·, t)‖C(J ) → 0
as t → ∞.
Bound (3) follows from (1). To establish Claims 2–4, we apply techniques of [10,11].
Notice that Claims 1 and 2 imply the uniform bounds supt≥0 R(t) ≤ K and r0 + K −1 ≤ inft≥0 R(t)
for the “free” radius.
We introduce now the static problem (of classical type in astrophysics [1,2])
Dp(ρS) = fS[rS]
r2S
, with VS := 13r
3
S = V0 + IηS, and ηS =
1
ρS
on J, (6)
p(ρS)|χ=M = pΓ ,S. (7)
We consider static solutions ρS ∈ L∞(J ), with ess infJρS > 0 and p(ρS) ∈ C1(J ). In the case
fS 	≡ 0, p(ρS) decreases and satisfies pΓ ,S ≤ p(ρS) ≤ pS := pΓ ,S + G(M0 + 12 j0M) Mr40 on J . Let
RS := rS(M) be the radius of the static free boundary.
Let us state stabilization properties of ρ in the case of general non-decreasing state function p. Note
that while the case of increasing p is of common use in astrophysics, the more complicated case of non-
decreasing p with a Maxwell construction (interval where p is constant) has recently received much
attention [13,14].
Theorem 2. Suppose that p′(s) ≥ 0 with p(s) > 0 for s > 0, and that conditions N−1 ≤ ρ0 ≤ N,
‖v0‖L2(J ) ≤ N and fS 	≡ 0 are valid. Then for any sequence tn → +∞, there exists a subsequence θn
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such that
η(·, θn) → η∗(·) weakly star in L∞(J ) (8)
with some η∗ ∈ L∞(J ). Moreover, for any sequence θn → ∞, θn ≥ 0 such that (8) holds, in fact
ρS := 1η∗ is a static solution whose potential energy satisfies the equality
FS[ρS] :=
∫
J
(P0(ρS) + pΓ ,Sρ−1S − F [rS]) dχ = F (S), (9)
where F (S) is given by (4), K −1 ≤ ρS ≤ K , rS is given by (6), and the limit relation holds:
ρ(·, θn) → ρS(·) in Lλ(J ), ∀ 1 ≤ λ < ∞. (10)
To prove this theorem, we essentially develop a recent approach from [15].
Note that (10) implies that p(ρ(·, θn)) → p(ρS(·)) in Lλ(ΩS), ∀ 1 ≤ λ < ∞, and R(θn) → RS .
Accordingly, a by-product of the theorem is an existence result for the static problem.
Theorem 2 allows us to define the ω-limit set for the density Oρ as the set of functions ρ∗ := 1η∗ ∈
L∞(J ), where η∗ satisfies the limit relation (8), for some sequence θn → ∞, θn ≥ 0, and study its
properties.
Theorem 3. Let the hypotheses of Theorem 2 be valid. Then the ω-limit set Oρ has the following
properties:
1. If ρ∗ ∈ Oρ , then ρ∗ = ρS is a static solution with fixed potential energy (9); moreover the limit
relation (10) holds for the same sequence θn as in the property ρ∗ ∈ Oρ .
2. Oρ is a compact, connected and attracting set in Lλ(J ), for any 1 ≤ λ < ∞.
Here, the attracting property means that
inf
ρ∗∈Oρ
‖ρ(·, t) − ρ∗(·)‖Lλ(J ) → 0 as t → ∞. (11)
Corollary 1. Let the hypotheses of Theorem 3 be valid. If, for any real a, there exists at most a countable
set of static solutions satisfying FS[ρS] = a, then, for some of the solutions satisfying FS[ρS] = F (S),
the stabilization of ρ in a standard sense holds:
ρ(·, t) → ρS(·) in Lλ(J ), ∀ 1 ≤ λ < ∞, as t → ∞. (12)
Corollary 2. Let the hypotheses of Claim 4 in Theorem 1 be valid. Then Theorems 2 and 3 and
Corollary 1 may be improved by replacing the space Lλ(J ) by C(J ). In particular under the conditions
of Corollary 1,
ρ(·, t) → ρS(·) in C(J ), as t → ∞. (13)
In contrast to Corollary 2, in the case where the equation p(s) = p0 has non-unique solutions and
p0 ∈ p(ρS(J )), necessarily ρS 	∈ C(J ) and thus replacing Lλ(J ) by C(J ) is impossible in (10) or (12).
Note that, for p increasing on R+, the condition fS 	≡ 0 can be omitted in the above results.
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3. Static and nonlinear dynamical stability and stabilization rate bounds
Let us consider in more detail the static problem (6) and (7) supposing that in the sequel p ∈ C1(R+),
p′ > 0 (covering the most standard γ -law p(s) = p1sγ with p1 > 0 and γ > 0). We set pˆ(s) := p(s−1)
and h(ν, χ) := −G M0+ j0χ
(3ν)4/3 . Let also p(ρΓ ,S) = pΓ ,S.
First, we give some uniqueness conditions.
Proposition 1. 1. Under the conditions
G M
r0C(1)(ρΓ ,S)
≤ 1, with C(1)(s0) := inf
s≥s0
p′(s) > 0, (14)
the static problem has a unique solution.
2. Under the conditions
2G M2(2M0 + j0M)
r70 C(2)(ρΓ ,S)
≤ q, with C(2)(s0) := inf
s≥s0
s2 p′(s) > 0, (15)
for some 0 < q ≤ 1, an inequality holds:
B(η1, η2) :=
∫
J
{( pˆ(η2) − pˆ(η1))(η1 − η2) + (h[V2] − h[V1])(V1 − V2)} dχ
≥ C(2)(ρΓ ,S)(1 − q)‖η1 − η2‖2L2(J ), ∀η j ∈ C(J ), 0 < η j ≤ ρ−1Γ ,S, j = 1, 2, (16)
with Vj := V0 + Iη j . Moreover the inequality is strict provided that η1(M) = η2(M) and η1 	≡ η2.
Consequently, under condition (15) with q = 1, the static problem has a unique solution too.
Clearly the first conditions (14) and (15) are valid for sufficiently small M or sufficiently large r0
whereas the second ones are valid for the γ -law with γ ≥ 1 and γ > 0 respectively.
By eliminating the functions ρS and rS, we reduce the problem to the equivalent boundary value
problem for the following quasilinear second-order ODE:
D pˆ(DVS) = h[VS] on J, VS(0) = V0, pˆ(DVS)(M) = pΓ ,S, (17)
for the function VS ∈ C1(J ), with (DVS)min > 0; hereafter φmin := minJ φ(χ). One can linearize the
problem near the solution VS and then pass to the corresponding eigenvalue problem for the second-order
linear ODE:
−D(− pˆ′(DVS)DW ) + 4h[VS]3VS W = λa0W on J, W (0) = 0, ( pˆ
′(DVS)DW )(M) = 0,(18)
for some a0 ∈ C(J ) with (a0)min > 0. Let λmin[ρS] be the minimal eigenvalue of this problem (with
ρS = (DVS)−1). ρS is called statically stable provided that λmin[ρS] > 0. One checks that this definition
is independent of the choice of a0. Any of conditions (14) and (15) with 0 < q < 1 ensures the static
stability as well.
Now we observe that the statically stable solutions are strongly isolated in the following sense.
Proposition 2. If ρS is a statically stable solution, then, for some 0 > 0 small enough, there exists
no static solution ρ(1)S 	= ρS such that |VS(M) − V (1)S (M)| = |
∫
J (ηS − η(1)S ) dχ | < 0, where
V (1)S (M) = V0 + Iη(1)S and η(1)S = 1ρ(1)S .
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Corollary 3. The set of the statically stable solutions is at most finite.
Corollary 4. Let the hypotheses of Claim 4 in Theorem 1 be valid. Suppose also that Oρ contains a
statically stable solution ρS. Then Oρ \ {ρS} = ∅ and the stabilization property (13) holds.
Let us discuss variational aspects of the problem. We can rewrite the static potential energy as
F[ρS] = P[VS] :=
∫
J
(Pˆ0(DVS) + pΓ ,S DVS − H [VS]) dχ,
where
Pˆ0(s) := P0(s−1) = −
∫ s
1
pˆ(ζ ) dζ, H(ν, χ) = −G
(
1
(3V0)1/3
− 1
(3ν)1/3
)
(M0 + j0χ).
Let us introduce the subspace C˜1(J ) := {W ∈ C1(J ); W (0) = 0} together with the open set
S := {V ∈ C1(J ), V (0) = V0; (DV )min > 0} on a hyperplane of C1(J ), and consider the values
of P[V ] on S . The first and second variations of P are given by the formulas
δP[V ](W ) := d
dτ
P[V + τW ]
∣∣∣∣
τ=0
=
∫
J
{(pΓ ,S − pˆ(DV ))DW − h[V ]W } dχ
and
δ2P[V ](W ) := d
2
dτ 2
P[V + τW ]
∣∣∣∣
τ=0
=
∫
J
{
(− pˆ′(DV ))(DW )2 + 4h[V ]
3V
W 2
}
dχ,
for any W ∈ C˜1(J ). The identity δP[VS](W ) = 0 for all W ∈ C˜1(J ) is equivalent to relations (17),
i.e. the stationary points of P are solutions of the static problem (17).
Now, the positivity condition
δ2P[VS](W ) > 0, for all W ∈ C˜1(J ), W 	≡ 0, (19)
is equivalent to the condition λmin[ρS] > 0, since δ2P[VS] is the energy functional of the eigenvalue
problem (18), where once again ρS = (DVS)−1.
Let us present an extremal characterization of the statically stable solutions. We say that V ∈ S is a
point of the local quadratic minimum of P if
P[V + W ] − P[V ] ≥ δ0‖W‖2H 1(J ), ∀W ∈ C˜1(J ), ‖W‖C˜1(J) ≤ 0,
for some 0 > 0 and δ0 > 0.
Proposition 3. V ∈ S is a point of the local quadratic minimum of P if and only if VS is a solution of
the static problem (17) such that λmin[ρS] > 0.
Notice that inequality (16), for some 0 < q < 1, ensures the strong monotonicity of δP on the set
{V ∈ S; DV ≤ ρ−1Γ ,S} since B(η1, η2) = (δP[V1] − δP[V2])(V1 − V2).
In the following we use also a condition of a much weaker type:
B˜(η1, ηS) ≥ C0,‖η1 − ηS‖2L2(J ), ∀η1 ∈ C(J ),  ≤ η1 ≤ −1, (20)
for some ηS = DVS with VS ∈ S and any  > 0 small enough, with C0, > 0. Under this condition, VS
is the point of the global quadratic minimum of P on the sets {V1 ∈ S;  ≤ DV1 ≤ −1}, for  ≤ ρ−1Γ ,S,
since P[V1] − P[VS] ≥ C0,/3‖D(V1 − VS)‖2L2(J ).
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Let Γ1(s) := sp′(s)p(s) , for s > 0, be the so-called first adiabatic exponent of the gas. Obviously
Γ1(s) ≡ γ for the γ -law.
Theorem 4. Suppose that Γ1(s) ≥ 4/3 for ρΓ ,S ≤ s ≤ ρS, where p(ρS) = pS. Then
1. the static problem (6) and (7) has a unique solution,
2. this solution is statically stable.
Although the exponent 4/3 is well known in astrophysics, results with a general expression for p
seem to be new. Claim 1 is proved by using a particular version of the shooting method, while Claim 2
is established by checking condition (19).
Now we turn to stabilization rate bounds and to the nonlinear dynamic stability (of exponential type)
for the statically stable static solutions. We introduce the stabilization errors
δi, j (t) := ‖ρ(·, t) − ρS(·)‖H i (J ) + ‖v(·, t)‖H j (J ), for i = 0, 1 and j = 0, 1,
where H 0(J ) = L2(J ).
Theorem 5. Let the hypotheses of Claim 4 in Theorem 1 be valid.
1. LetOρ contain a statically stable solution ρS. Then the following L2-stabilization rate bound holds:
δ0,0(t) ≤ K0(ea0(t0−t)δ0,0(t0) + ‖ea0(τ−t)( f 1 + f 2)(τ )‖L1(t0,t) + ‖ea0(τ−t)pΓ (τ )‖L2(t0,t)). (21)
If in addition p′′ ∈ L∞(R+), then the following combined bound holds:
δ1,0(t) ≤ K1(ea1(t0−t)δ1,0(t0) + ‖ea1(τ−t)( f 1 + f 2)(τ )‖L1(t0,t) + ‖ea1(τ−t)pΓ (τ )‖L2(t0,t)).
(22)
Moreover if conditions (5) are valid, then one gets the H 1-bound:
δ1,1(t) ≤ K2(ea2(t0−t)(δ1,1(t0) + |pΓ (t0)|) + ‖ea2(τ−t) f 2(τ )‖L2(t0,t)
+‖ea2(τ−t)pΓ (τ )‖L2(t0,t) + ‖ea2(τ−t) p′Γ (τ )‖L1(t0,t)). (23)
Here t ≥ t0 for sufficiently large t0, and al := 1/Kl, for l = 0, 1, 2.
2. Let ρS be any statically stable static solution (contrary to Claim 1). If the data are sufficiently close
to the stationary ones, namely
‖ρ0 − ρS‖L2(J ) + ‖v0‖L2(J ) + ‖ f 1‖L1(R+) + ‖ f 2‖L2(R+) + ‖pΓ‖L2(R+) ≤ 0, (24)
for 0 > 0 small enough, then all the stabilization rate bounds (21)–(23) hold for t0 = 0, and the
quantities Kl are independent of the data.
Moreover this nonlinear dynamical stability result holds even for non-monotonic p provided that
p′(s) > 0 on some (s1, s2) ⊃ ρS(J ) instead of R+. (25)
3. Let now ρS satisfy condition (20) (which is more restrictive than the static stability condition in
Claim 2). Then the stabilization rate bounds (21)–(23) hold for t ≥ t0 = 0, with Kl independent of the
data, without the smallness condition (24).
To prove this theorem, we apply and develop the Lyapunov functional method of [10,11,15]. Notice
that bound (21), together with the inequality K −1|R(t)− RS | ≤ ‖ρ(·, t)−ρS(·)‖L2(J ) for t ≥ t0, ensures
the stabilization rate bound for R(t) − RS .
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Condition (25) means that the values of ρS belong to an interval where p is stable.
Stability problems are classical in astrophysics [1,2,16] (see also recent results in [17]), but, to our
knowledge, Claim 2 is the first rigorous result showing that static stability implies dynamical stability
for the nonlinearized Navier–Stokes–Poisson system.
The above results summarize, in the astrophysical context, more general ones [18–22] covering the
plane, cylindrical and spherical symmetry cases, general mass force fS = fS(r, χ) and given both
in Eulerian and Lagrangian coordinates, with slightly improved versions of the conditions on fS in
Theorem 2 and on Γ1 in Theorem 4.
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